We consider a noninteracting unbounded spin system with conservation of the mean spin. We derive a uniform logarithmic Sobolev inequality (LSI) provided the single-site potential is a bounded perturbation of a strictly convex function. The scaling of the LSI constant is optimal in the system size. The argument adapts the two-scale approach of Grunewald, Villani, Westdickenberg and the second author from the quadratic to the general case. Using an asymmetric Brascamp-Lieb-type inequality for covariances, we reduce the task of deriving a uniform LSI to the convexification of the coarse-grained Hamiltonian, which follows from a general local Cramér theorem.
1. Introduction and main result. The grand canonical ensemble µ is a probability measure on R N given by µ(dx) := 1 Z exp(−H(x)) dx.
Throughout the article, Z denotes a generic normalization constant. The value of Z may change from line to line or even within a line. The noninteracting Hamiltonian H : R N → R is given by a sum of single-site potentials ψ : R → R that are specified later, that is,
ψ(x i ). Here, ∇ denotes the gradient determined by the Euclidean structure of X N,m .
In this article, we give a full answer to the question by Varadhan [23] and also show that the last theorem can be strengthened to the logarithmic Sobolev inequality (LSI).
Definition 1.2 (LSI)
. Let X be a Euclidean space. A Borel probability measure µ on X satisfies the LSI with constant ̺ > 0, if for all functions
Here, ∇ denotes the gradient determined by the Euclidean structure of X. Remark 1.3 (Gradient on X N,m ). If we choose X = X N,m in Definition 1.2, we can calculate |∇f | 2 in the following way: Extend f : X N,m → R to be constant on the direction normal to X N,m . Then
The LSI was originally introduced by Gross [10] . It yields the SG and can be used as a powerful tool for studying spin systems. Like the SG, the LSI implies exponential convergence to equilibrium of the naturally associated conservative diffusion process. The rate of convergence is given by the LSI constant ̺; cf. [22] , Chapter 3.2, and Remark 1.7. Therefore, an appropriate scaling of the LSI constant in the system size indicates the absence of phase transitions. The SG yields convergence in the sense of variances in contrast to the LSI, which yields convergence in the sense of relative entropies. The SG and the LSI are also useful for deducing the hydrodynamic limit; see [23] for the SG and [11] for the LSI.
We consider three cases of different potentials: sub-quadratic, quadratic and super-quadratic single-site potentials. In the case of sub-quadratic singlesite potentials, Barthe and Wolff [2] gave a counterexample where the scaling in the system size of the SG and the LSI constant of the canonical ensemble differs in the system size. More precisely, they showed: In the case of perturbed quadratic single-site potentials it is known that Theorem 1.1 can be improved to the LSI. More precisely, several authors (cf. [6, 11, 17] ) deduced the following statement by different methods: There is only left to consider the super-quadratic case. It is conjectured that the optimal scaling LSI also holds if the single-site potential ψ is a bounded perturbation of a strictly convex function; cf. [17] , page 741, [6] , Theorem 0.3 f., and [5] , page 226. Heuristically, this conjecture seems reasonable: Because the LSI is closely linked to convexity (consider, e.g., the Bakry-Émery criterion), a perturbed strictly convex potential should behave no worse than a perturbed quadratic one. However technically, the methods for the quadratic case are not able to handle the perturbed strictly convex case because they require an upper bound on the second derivative of the Hamiltonian. In the main result of the article we show that the conjecture from above is true: Remark 1.7 (From Glauber to Kawasaki). The bound on the r.h.s. of (4) is given in terms of the Glauber dynamics in the sense that we have endowed X N,m with the standard Euclidean structure inherited from R N . By the discrete Poincaré inequality, one can recover the bound for the Kawasaki dynamics (cf. [11] , Remark 15, or [5] ) in the sense that one endows X N,m with the Euclidean structure coming from the discrete H −1 -norm. More precisely, if Λ is a cubic lattice in any dimension of width L, then Theorem 1.6 yields the LSI for Kawasaki dynamics with constant L −2 ̺, which is the optimal scaling in L; cf. [24] .
Note that the standard criteria for the SG and the LSI (cf. Appendix) fail for the canonical ensemble µ N,m :
• The Tensorization principle for the SG and the LSI does not apply because of the restriction to the hyper-plane X N,m ; cf. [12] , Theorem 4.4, or Theorem A.1.
• The Bakry-Émery criterion does not apply because the Hamiltonian H is not strictly convex; cf. [1] , Proposition 3 and Corollary 2, or Theorem A.3.
• The Holley-Stroock criterion does not help because the LSI constant ̺ has to be independent of the system size N ; cf. [14] , page 1184, or Theorem A.2.
Therefore, a more elaborated machinery was needed for the proof of Theorems 1.1 and 1.5. The approach of Caputo to Theorem 1.1 seems to be restricted to the SG because it relies on the spectral nature of the SG. For the proof of Theorem 1.5, Landim, Panizo and Yau [17] and Chafaï [6] used the Lu-Yau martingale method that was originally introduced in [19] to deduce an analog version of Theorem 1.5 in the case of discrete spin values. Recently, Grunewald, Villani, Westdickenberg and the second author [11] provided a new technique for deducing Theorem 1.5, called the two-scale approach. We follow this approach in the proof of Theorem 1.6. The limiting factor for extending Theorem 1.5 to more general single-site potentials is almost the same for the Lu-Yau martingale method and for the two-scale approach: It is the estimation of a covariance term w.r.t. the measure µ N,m conditioned on a special event; cf. [17] , (4.6), and [11] , (42). In the two-scale approach one has to estimate for some large but fixed K ≫ 1 and any nonnegative function f the covariance
In [11] , this term term was estimated by using a standard estimate (cf. Lemma 2.10 and [11] , Lemma 22) that only can be applied for perturbed quadratic single-site potentials ψ. We get around this difficulty by making the following adaptations: Instead of one-time coarse-graining of big blocks, we consider iterative coarse-graining of pairs. As a consequence we only have to estimate the covariance term from above in the case K = 2. Because µ 2,m is a one-dimensional measure, we are able to apply the more robust asymmetric Brascamp-Lieb inequality (cf. Lemma 2.11) that can also be applied for perturbed strictly convex single-site potentials ψ. Recently, the optimal scaling LSI was established in [20] by the first author for a weakly interacting Hamiltonian with perturbed quadratic single-site potentials ψ, that is,
Because the original two-scale approach was used, it is an interesting question if one could extend this result to perturbed strictly convex single-site potentials. A direct transfer of the argument of [20] fails because of the iterative structure of the proof of Theorem 1.6.
The remaining part of this article is organized as follows. In Section 2.1 we prove the main result. The auxiliary results of Section 2.1 are proved in Section 2.2. There is one exception: The convexification of the singlesite potential by iterated renormalization (see Theorem 2.6) is proved in Section 3. In the short Appendix we state the standard criteria for the SG and the LSI.
2. Adapted two-scale approach.
2.1.
Proof of the main result. The proof of Theorem 1.6 is based on an adaptation of the two-scale approach of [11] . We start with introducing the concept of coarse-graining of pairs. We recommend reading [11] , Chapter 2.1, as a guideline.
We assume that the number N of sites is given by N = 2 K for some large number K ∈ N. The step to arbitrary N is not difficult; cf. Remark 2.7, below. We decompose the spin system into blocks, each containing two spins. The coarse-graining operator P : X N,m → X N/2,m assigns to each block the mean spin of the block. More precisely, P is given by
Due to the coarse-graining operator P , we can decompose the canonical ensemble µ N,m into
whereμ := P # µ N,m denotes the push forward of the Gibbs measure µ under P and µ(dx|y) is the conditional measure of x given P x = y. The last equation has to be understood in a weak sense; that is, for any test function ξ
Now, we are able to state the first ingredient of the proof of Theorem 1.6.
Proposition 2.1 (Hierarchic criterion for the LSI).
Assume that the single-site potential ψ is perturbed strictly convex in the sense of (6) . If the marginalμ satisfies the LSI with constant ̺ 1 > 0 uniformly in the system size N and the mean spin m, then the canonical ensemble µ N,m also satisfies the LSI with constant ̺ 2 > 0 uniformly in the system size N and the mean spin m.
The proof of this statement is given in Section 2.2. Due to the last proposition it suffices to deduce the LSI for the marginalμ. Hence, let us have a closer look at the structure ofμ. We will characterize the Hamiltonian of the marginalμ with the help of the renormalization operator R, which is introduced as follows. 
Therefore, the renormalized single-site potential Rψ describes the free energy of two independent spins X 1 and X 2 [identically distributed as Z −1 exp(−ψ)] conditioned on a fixed mean value
Lemma 2.4 (Invariance under renormalization).
Assume that the singlesite potential ψ is perturbed strictly convex in the sense of (6) . Then the renormalized Hamiltonian Rψ is also perturbed strictly convex in the sense of (6) .
Direct calculation using the coarea formula (cf. [8] , Section 3.4.2) reveals the following structure of the marginalμ.
Lemma 2.5. The marginalμ is given bȳ
It follows from the last two lemmas that the marginalμ has the same structure as the canonical ensemble µ N,m . The single-site potential ofμ is given by the renormalized single-site potential Rψ. Hence, one can iterate the coarse-graining of pairs. The next statement shows that after finitely many iterations the renormalized single-site potential R M ψ becomes uniformly strictly convex. Therefore, the Bakry-Émery criterion (cf. Theorem A.3) yields that the corresponding marginal satisfies the LSI with constant̺ > 0, uniformly in the system size N and the mean spin m. Then, an iterated application of the hierarchic criterion of the LSI (cf. Proposition 2.1) yields Theorem 1.6 in the case N = 2 K . Theorem 2.6 (Convexification by renormalization). Let ψ be a perturbed strictly convex single-site potential in the sense of (6) . Then there is an integer M 0 such that for all M ≥ M 0 the M -times renormalized singlesite potential R M ψ is uniformly strictly convex independently of the system size N and the mean spin m.
We conclude this section by giving some remarks and pointing out the central tools needed for the proof of the auxiliary results. The next remark shows how Theorem 1.6 is verified in the case of an arbitrary number N of sites. Note that an arbitrary number of sites N can be written as
for some numberK, a large but fixed number K and a bounded number R < 2 K . Hence, one can decompose the spin system intoK blocks of 2 K spins and one block of R spins. The big blocks of 2 K spins are coarse-grained by pairs, whereas the small block of R spins is not coarse-grained at all. After iterating this procedure sufficiently often, the renormalized single-site potentials of the big blocks are uniformly strictly convex. On the remaining block of R spins, the corresponding single-site potentials are unchanged. Because ψ is a bounded perturbation of a strictly convex function, it follows from a combination of the Bakry-Émery criterion (cf. Theorem A.3) and the Holley-Stroock criterion (cf. Theorem A.2) that the marginal of the whole system satisfies the LSI with constant
which is independent on N and m. Therefore, an iterated application of the hierarchic criterion of the LSI (cf. Proposition 2.1) yields Theorem 1.6.
Remark 2.8 (Inhomogeneous single-site potentials)
. It is a natural question whether this approach can be applied to the case of inhomogeneous single-site potentials. In this case, the single-site potentials are allowed to depend on the sites; that is, the Hamiltonian has the form H = N i=1 ψ i where each ψ i is a perturbed strictly-convex potential. In principle, we believe that our approach can be adapted to this situation even if not in a straightforward way. The reason is that only one step of the proof of Theorem 1.6 has to be adapted: It is the convexification of the single-site potentials by iterated renormalization (see Theorem 2.6).
Let us make a comment on the proof of Theorem 2.6, which is stated in Section 3. Starting point for the proof is the observation that the M -times renormalized single-site potential R M ψ corresponds to the coarse-grained Hamiltonian related to coarse-graining with block size 2 M ; cf. [11] .
Because the last statement is verified by a straightforward application of the area and coarea formula, we omit the proof. In Lemma 2.9 one could easily determine the exact value of the constant C(2 M ). However, the exact value is not important because we are only interested in the convexity of R M ψ. In [11] , the convexification ofH K was deduced from a local Cramér theorem; cf. [11] , Proposition 31. For the proof of Theorem 2.6 we follow the same strategy generalizing the argument to perturbed strictly convex single-site potentials ψ. Now, we make some comments on the proof of Proposition 2.1 and Lemma 2.4, which are stated in Section 2.2. One of the limiting factors in the proof of Theorem 1.5 is the application of a classical covariance estimate; cf. [11] , Lemma 22. In our framework this estimate can be formulated as:
Lemma 2.10. Assume that the single-site potential ψ is perturbed strictly convex in the sense of (6) . Let ν be a probability measure on R given by
Then for any function f ≥ 0 and g
In [11] , the last estimate was applied to the function g = ψ ′ . Note that the function |g ′ (x)| = |ψ ′′ (x)| is only bounded in the case of a perturbed quadratic single-site potential ψ. The main new ingredient for the proof of the hierarchic criterion for the LSI (cf. Proposition 2.1) and the invariance principle (cf. Lemma 2.4) is an asymmetric Brascamp-Lieb inequality, which does not exhibit this restriction.
Lemma 2.11. Assume that the single-site potential ψ is perturbed strictly convex in the sense of (6) . Let ν be a probability measure on R given by
Then for any function f and g
where osc δψ := sup x δψ(x) − inf x δψ(x).
We call the last inequality asymmetric because, compared to the original Brascamp-Lieb inequality [4] , the space L 2 × L 2 is replaced by L 1 × L ∞ , and the factor (ψ ′′ c ) −1/2 is not evenly distributed. It is an interesting question if an analog statement also holds for higher dimensions. The proof of Lemma 2.11 is based on a kernel representation of the covariance. All steps are elementary.
Proof of Lemma 2.11. Let us consider a Gibbs measure µ associated to the Hamiltonian H : R → R. More precisely, µ is given by
We start by deriving the following integral representation of the covariance of µ:
where the nonnegative kernel K µ (x, y) is given by
and ∞) ). Indeed, we start by noting that
where we do not distinguish between the measure µ(dx) and its Lebesgue density µ(x) in our notation. Using M ′ µ (x) = µ(x), we can use integration by parts to rewrite each factor in terms of the derivative
where I(x < z) assumes the value 1 if x < z and zero otherwise. Inserting this and the corresponding identity for g(y) into (12), we obtain
with kernel K µ (x, y) as desired, given by
We now establish the following identity for the above kernel:
Indeed, we have by integrations by part
Let us now consider the Gibbs measures ν(dx) and ν c (dx), given by
By the integral representation (11) of the covariance we have the estimate
By a straight-forward calculation, we can estimate
Together with a similar estimate for (1 − M ν (y)), this yields the kernel estimate
Applying this to the covariance estimate from above yields
Using the identity (14) for µ = ν c , we may easily conclude
For the entertainment of the reader, let us argue how the identity (14) also yields the traditional Brascamp-Lieb inequality in the case H ′′ > 0. Indeed, by the symmetry of the kernel K µ (x, y), identity (14) yields, for all x and y,
The integral representation of the covariance (11) yields
Then a combination of Hölder's inequality and the identity (15) for the kernel K µ (x, y) yields the Brascamp-Lieb inequality,
Proof of auxiliary results.
In this section we outline the proof of Proposition 2.1 and Lemma 2.4. We start with Proposition 2.1, which is the hierarchic criterion for the LSI. Unfortunately, we cannot directly apply the two-scale criterion of [11] , Theorem 3. The reason is that the number
which measures the interaction between the microscopic and macroscopic scales, can be infinite for a perturbed strictly convex single-site potential ψ. However, we follow the proof of [11] , Theorem 3, with only one major difference: Instead of applying the classical covariance estimate (cf. Lemma 2.10), we apply the asymmetric Brascamp-Lieb inequality; cf. Lemma 2.11. Let us assume for the rest of this section that the single-site potential ψ is perturbed strictly convex in the sense of (6) .
For convenience, we set X := X N,m and Y := X N/2,m . We choose on X and Y the standard Euclidean structure given by The coarse-graining operator P : X → Y given by (7) satisfies the identity
where P t : Y → X is the adjoint operator of P . Note that our P t differs from the P t of [11] , because the Euclidean structure on Y differs from the Euclidean structure used in [11] by a factor. The last identity yields that 2P t P is the orthogonal projection of X to im P t . Hence, one can decompose X into the orthogonal sum of microscopic fluctuations and macroscopic variables according to
We apply this decomposition to the gradient ∇f of a smooth function f on X. The gradient ∇f is decomposed into a macroscopic gradient and a fluctuation gradient satisfying
Note that ker P is the tangent space of the fiber {P x = y}. Hence the gradient of f on {P x = y} is given by (id X − 2P t P )∇f (x). The first main ingredient of the proof of Proposition 2.1 is the following statement.
Lemma 2.12. The conditional measure µ(dx|y) given by (8) satisfies the LSI with constant ̺ > 0 uniformly in the system size N , the macroscopic profile y and the mean spin m. More precisely, for any nonnegative function f f log f µ(dx|y) − f µ(dx|y) log f µ(dx|y)
Proof of Lemma 2.12. Observe that the conditional measure µ(dx|y) has a product structure: We decompose {P x = y} into a product of Euclidean spaces. Namely for
we have
It follows from the coarea formula (cf. [8] , Section 3.4.2) that
Hence µ(dx|y) is the product measure
where we make use of the notation introduced in (2) . Because the single-site potential ψ is perturbed strictly convex in the sense of (6) The second main ingredient of the proof of Proposition 2.1 is the following proposition, which is the analog statement of [11] , Proposition 20.
Proposition 2.13. Assume that the marginalμ(dy) given by (8) satisfies the LSI uniformly in the system size N and the mean spin m. Then for any nonnegative function f ,
uniformly in the macroscopic profile y and the system size N .
Before we verify Proposition 2.13, let us show how it can be used in the proof of Proposition 2.1.
Proof of Proposition 2.1. Using Lemma 2.12 and Proposition 2.13 from above, the argument is exactly the same as in the proof of [11] , Theorem 3:
Let φ denote the function φ(x) := x log x. The additive property of the entropy implies
An application of Lemma 2.12 yields the estimate
By assumption the marginalμ satisfies the LSI with constant λ > 0. Together with Proposition 2.13 this yields the estimate
A combination of the last three formulas and the observations (8) and (18) yield
uniformly in the system size N and the mean spin m.
Because the hierarchic criterion for the LSI is an important ingredient in the proof of the main result, we outline the proof of Proposition 2.13 in full detail. We follow the proof of [11] , Proposition 20, which is based on two lemmas. We directly take over the first lemma (cf. [11] , Lemma 21), which in our notation becomes: Lemma 2.14. For any function f on X and any y ∈ Y , it holds P ∇f (x)µ(dx|y) = 1 2 ∇f (y) + P cov µ(dx|y) (f, ∇H).
Remark 2.15. The notational difference compared to [11] , Lemma 21, is based on our choice of the Euclidean structure on Y = X N/2,m . Compared to the notation in Lemma 21 of [11] , we have
Hence we omit the proof, which is a straightforward calculation.
The more interesting ingredient of the proof of [11] , Proposition 20, is the estimate (see [11] , (42), (43))
In [11] , the last estimate is deduced by direct calculation from the standard covariance estimate given by Lemma 2.10. In contrast to [11] we cannot use this estimate because the constant κ given by (17) may be infinite for a perturbed strictly convex single-site potential ψ. We avoid this problem by applying the more robust asymmetric Brascamp-Lieb inequality given by Lemma 2.11. Our substitute for the last estimate is:
uniformly in the system size N , the macroscopic profile y and the mean spin m.
We postpone the proof of Lemma 2.16 and show how it is used in the proof of Proposition 2.13 (cf. proof of [11] , Proposition 20).
Proof of Proposition 2.13. Note that because for any a, b ∈ R,
it follows form the definition (7) of P that for any x,
By successively using Lemma 2.14 and Jensen's inequality (with the convex function (a, b) → |b| 2 /a), we have
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On the first term on the r.h.s. we apply the estimate (20) . On the second term we apply Lemma 2.16, which yields the desired estimate. Now, we prove Lemma 2.16, which also represents one of the main differences compared to the two-scale approach of [11] . The main ingredients are the product structure (19) of µ(dx|y) and the asymmetric Brascamp-Lieb inequality; cf. Lemma 2.11.
Proof of Lemma 2.16. We have to estimate the covariance
Therefore, let us consider for j ∈ {1, . . . ,
only depends of the variables x 2j−1 and x 2j . Hence, the product structure (19) of µ(dx|y) yields the identity
As we will show below, we obtain, by using the asymmetric Brascamp-Lieb inequality of Lemma 2.11 and the Csiszár-Kullback-Pinsker inequality, the estimate
uniformly in j and y j . Therefore, a combination of identity (22), the last estimate and Hölder's inequality yield
which implies the desired estimate by the identity (21) .
It is only left to deduce estimate (23) . We assume w.l.o.g. j = 1. Recall the splitting ψ = ψ c + δψ given by (6) . We use the bound on |δψ ′ | to estimate
Now, we consider the first term on the r.h.s. of the last estimate. For y 1 ∈ R let the one-dimensional probability measure ν(dz|y 1 ) be defined by the density
A reparametrization of the one-dimensional Hausdorff measure implies (26) for any measurable function ξ. We may assume w.l.o.g. that f (x) = f (x 1 , x 2 ) just depends on the variables x 1 and x 2 . Hence for
an application of the asymmetric Brascamp-Lieb inequality (cf. Lemma 2.11) yields
From the last inequality and from (26) follows the estimate
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We turn to the second term on the r.h.s. of (24) . For convenience, let us writef (y 1 ) := f µ 2,y 1 (dx 1 , dx 2 ). An application of the well-known Csiszár-Kullback-Pinsker inequality (cf. [7, 16] ) yields
An application of the LSI for the measure µ 2,y 1 (dx 1 , dx 2 ) implies (cf. proof of Lemma 2.12)
A combination of (24), (27), and the last inequality yield the estimate (23).
We turn to the proof of Lemma 2.4. Again, the main ingredient of the proof is the asymmetric Brascamp-Lieb inequality.
Proof of Lemma 2.4. We define
Now, we show that the splitting Rψ = ψ c + δψ satisfies the conditions given by (6) . Using the strict convexity of ψ c it follows by a standard argument based on the Brascamp-Lieb inequality (cf. [4] and (16)) that the first condition is preserved, that is,
1.
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We turn to the perturbation δψ. Analogously to the measure ν(dz|m) given by (25), we introduce the measure ν c (dz|m) via the density
It follows that
Direct calculation using the bound |δψ| 1 yields
We turn to the first derivative of δψ. A direct calculation based on the definition of δψ yields
For s ∈ [0, 1] we define the measure ν s (dz) by the probability density
Note that ν s interpolates between ν 0 = ν c and ν 1 = ν. By the mean-value theorem there is s ∈ [0, 1] such that
The first term on the r.h.s. is controlled by the assumption |δψ ′ | 1. We turn to the estimation of the first covariance term. An application of the asymmetric Brascamp-Lieb inequality of Lemma 2.11 and |δψ| + |δψ ′ | 1 yields the estimate
The second covariance term can be estimated by using |δψ| + |δψ ′ | 1. Summing up, we have deduced the desired estimate |δψ ′ | 1.
3. Convexification by iterated renormalization. In this section we prove Theorem 2.6 that states the convexification of a perturbed strictly convex single-site potential ψ by iterated renormalization. The proof relies on a local Cramér theorem and some auxiliary results. The proof of Theorem 2.6 is given in Section 3.1. The proofs of the auxiliary results are given in Section 3.2.
3.1. Proof of Theorem 2.6. Let us consider the coarse-grained HamiltonianH K given by (10) . In view of Lemma 2.9, it suffices to show the strict convexity ofH K for large K ≫ 1. The strategy is the same as in [11] , Proposition 31. Let ϕ denote the Cramér transform of ψ, namely
Because ϕ is the Legendre transform of the strictly convex function
there exists for any m ∈ R, a unique σ = σ(m), such that
From basic properties of the Legendre transform, it follows that σ is determined by the equation
The starting point of the proof of the convexification of the coarse-grained HamiltonianH K (m) is the explicit representatioñ
Here,g K,m denotes the Lebesgue density of the distribution of the random variable
where X i are K real-valued independent random variables identically distributed according to
We note that in view of (30) the mean of X i is m. As in [11] , (125), the Cramér representation (31) follows from direct substitution and the coarea formula. As we will see in the proof of Lemma 3.3, the Cramér transform ϕ is strictly convex. The main idea of the proof is to transfer the convexity from ϕ toH K using representation (31) and a local central limit type theorem for the densityg K,m , which is formulated in the next statement. 
dx). (33)
We assume that uniformly in the field strength σ, the probability measure µ σ has its standard deviation s as unique length scale in the sense that
Consider K independent random variables X 1 , . . . , X K identically distributed according to µ σ . Let g K,σ denote the Lebesgue density of the distribution of the normalized sum , and C 2 in σ:
Let us comment a bit on this result: Quantitative versions of the central limit theorem like (36) are abundant in the literature; see, for instance, [9] , Chapter XVI, [15] , Appendix 2, [13] , Section 3, and [17] , page 752 and Section 5. In his work on the spectral gap, Caputo appeals even to a finer estimate that makes the first terms in an error expansion in K −1/2 explicit [5], Theorem 2.1. The coefficients of the higher order terms are expressed in terms of moments of µ σ . However, following [11] , Proposition 31, for our two-scale argument we need pointwise control of the Lebesgue density g K,σ [in form of g K,σ (0)] and, in addition, control of derivatives of g K,σ w.r.t. the field parameter σ; cf. 34)] is not sufficient. One also needs to know that µ σ has no fine structure on scales much smaller than s. This property is ensured the upper bound (35).
As opposed to [11] , Proposition 31, the Hamiltonian ψ we want Proposition 3.1 to apply is not a perturbation of the quadratic 1 2 x 2 , but of a general, strictly convex potential ψ. As a consequence, the variance s 2 can be a strongly varying function of the field strength σ. Nevertheless, Lemma 3.2 from below shows that every element µ σ in the family of measures is characterized by the single length scale s, uniformly in σ in the sense of (34) and (35). For the verification of (34) in Lemma 3.2, one could take over the argument of [5] , Lemma 2.2, that relies on a result by Bobkov [3] stating that the SG constant ̺ of the measure µ σ can be estimated by its variance, that is, ̺ 1 s 2 . However, we provide a self-contained argument for the verification of (34) and (35) in Lemma 3.2 just using basic calculus of one variable. The merit of Proposition 3.1 consists in providing a version of the central limit theorem that is C 2 in the field strength σ even if the variance s 2 varies strongly with σ. Lemma 3.2. Assume that the single-site potential ψ is perturbed strictly convex in the sense of (6) . Then s 1 uniformly in m, and conditions (34) and (35) Using Proposition 3.1, Lemma 3.2, and the Cramér representation (31) we could easily deduce a local Cramér theorem (cf. [11] , Proposition 31) for general perturbed strictly convex potentials ψ. However, because we are just interested in the convexification ofH K , we just consider the convergence of the second derivatives of ϕ andH K . Lemma 3.3. Assume that the single-site potential ψ is perturbed strictly convex in the sense of (6) . Then for all m ∈ R it holds
where s 2 is defined as in Proposition 3.1.
Proof of Theorem 2.6. Because of Lemma 2.9 it suffices to show that there exists δ > 0 and K 0 ∈ N such that for all K ≥ K 0 and m ∈ R
We start with some formulas on the derivatives of ϕ. Differentiation of identity (29) yields
where s 2 is defined as in Proposition 3.1. Hence, a second differentiation of ϕ yields the identity
By Lemma 3.3 we thus have
The statement follows from the uniform bound s 1 provided by Lemma 3.2.
Proof of the local Cramér theorem and of the auxiliary results.
In this section we prove the auxiliary statements of the last subsection. Before turning to the proof of Proposition 3.1 we sketch the strategy. For convenience we introduce the notation
The definition of g K,σ (cf. Proposition 3.1) suggests to introduce the shifted and rescaled variablex in the statement of Proposition 3.1 are independent and identically distributed, the distribution of their sum is the K-fold convolution of the distribution ofX 1 . Therefore, the Fourier transform of the distribution of the K n=1X n is the Kth power of the Fourier transform of the distribution ofX. The latter is given by exp(ixξ) , whereξ denotes the variable dual tox. Hence, the Fourier transform of the distribution of the normalized sum
Applying the inverse Fourier transform, we obtain the representation
In order to make use of formula (44), we need estimates on exp(ixξ) .
the moment bounds (43) translate into control of exp(ixξ) for |ξ| ≪ 1. Together with the normalization (42), we obtain, in particular,
We will use the latter in the following form: There exists a complex-valued function h(ξ) such that for |ξ| ≪ 1,
This estimate, showing that the Fourier transform of the normalized probability · is close for |ξ| ≪ 1 to the Fourier transform of the normalized Gaussian, is at the core of most proofs of the central limit theorem.
Estimate (46) provides good control over exp(ixξ) for |ξ| ≪ 1. Another key ingredient is uniform decay for |ξ| ≫ 1. In our new variables, (35) takes on the form So far, the strategy is standard; now comes the new ingredient: In view of formula (44), in order to control σ-derivatives of g K,σ (0), we need to control
that will be established in the proof of Lemma 3.5 below, we see that the estimate again follows from the moment control (43). Lemma 3.5 is the only new element of our analysis. 
Before we deduce Proposition 3.1, we prove Lemma 3.4 and Lemma 3.5.
Proof of Lemma 3.4. In view of (43) and (47), it suffices to show: For any C < ∞ and δ > 0 there exists λ < 1 with the following property: Suppose · is a probability measure (inx) such that In view of (53), it is enough to show | exp(ixξ) | ≤ λ for all δ ≤ |ξ| ≤ 1 δ . In combination with (65), this estimate yields (51).
Proof of Proposition 3.1. We focus on (36) and (38). The intermediate estimate (37) can be established as (38).
We start with (36). Fix a δ > 0 so small such that the expansion (46) of exp(ixξ) holds for |ξ| ≤ δ. We split the integral representation (44) accordingly: We consider the first term I on the r.h.s. of (66), which will turn out to be of leading order. Since δ is so small that (46) holds, we may rewrite it as
We note that for | 1 √ Kξ | ≤ δ we have by (46),
in particular for δ small enough, Inserting this estimate into (67) we obtain
The latter turns, as desired, into
2 ) dξ is exponentially small in K.
We now address the second term II on the r.h.s. of (66); on the integrand we use Lemma 3.4 (on K − 2 of the K factors) and (47) (on the remaining 2 factors).
It follows that the second term II on the r.h.s. of (66) is exponentially small and thus of higher order:
On the first r.h.s. term we use (69): 
For the proof of Lemma 3.2 we need the following auxiliary statement, based on elementary calculus. Then we have for all k ∈ N,
for some constant only depending on k. A proof using semi-group methods can be found in [18] , Corollary 1.6. There is also a heuristic interpretation of the Bakry-Émery criterion on a formal Riemannian structure on the space of probability measures; cf. [21] , Section 3.
